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Abstract

This study estimates parameters of CES production function in a Mathcad
system using non-linear ordinary least squares method (Markvart method) based
on statistical data of republics of Azerbaijan and Kazakhstan. Identified parameter
estimates were comparatively analyzed to reveal a number of findings.

For both countries, capital-labour substitution elasticity (o) turned out less
than one, which indicates insufficiency of labour, namely qualified labour (skilled
labour) in both economies.

Azerbaijan have experienced windfall revenues from exploitation of natural
resources (particularly, crude oil) in recent years. These revenues induced greatly
the imports of capital-intensive products of sophisticated technologies, in other
words capital imports. Naturally, scarcity of adequate labour that could deploy
increased capital (skilled labour-intensive capital) resulted in decline of reciprocal
elasticity of capital-labour substitution. Thus, it can be concluded that utilization of
oil revenues to accumulate qualified labour (i.e. development of education,
science, etc., technical specializations) would increase reciprocal elasticity of
capital-labour substitution. Hence, expenditures on building qualified labour,
including spending on education and science are preferred areas of efficient use of

oil revenues.
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Introduction
As you may know some production functions require the certain researches
during evaluation of their parameters. The one with the most common feature and
reflecting the neaclassic theory is the production function of Constant Elasticity of
Substitution (CES).
V=A4,- (6K 7 +(1—- 5)L‘F‘)_§
Here, Y-Gross domestic product, , K-Capital, L-labour force.
If we consider the effect of neutral technical progress according to Hicks the
CES production function will be written as following:
Y =4, MK 7+ (1— 5)!:*’)_%
Here, e is irrational and called figure of Eyler figure: e = 2.72, t is indicating
time.
The following parameters should be valued:

Ay 1s scale ratio (4, > 0) and its value depends on what is the unit of the

determinant. If determinant is homogenous or shown by percentage, them the ratio

shows the intensity of the production and equal to something around 1. &-is

allocation ratio. v is a degree of gomogenity. (v = 0, A is a level of technical
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progress and reflects the time pattern, p is a parametr showing the elasticity of

substitution. (p = —1),

g =— )

- 1+po

In CES production function as in Cobb-Douglas production function, K and L

are constant dependants of substitution limit. (see: box 1).

Box 1: The rate of substitution limit.
The rate of substitution of labour factor with capital factor in conditions when
production level is constant is equal to additional capital required for decrease of
one unit of labour.

Xel: fKL=Y, (B1.1)

Here: Y, — the given level of output
(B1.1) if we differentiate the iso-quantum we will obtain the following

quotation:

109 4 . 2T 41
2 (K) J(L)

Considering that dX = (dK, dL) difined in this way, we obtain the following

quuatation:
MY(X)dx =0 (B1.2)
If we expand the quotation (B1.2),

MY,dK + MY, dL =0 (B1.3)
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we will obtain the following quotation:

dE _ _ My _ vl
aL “Yer T MYy (2L (B1.4)

iso—gQuentum

The limit of substitution of factor K with factor L (¥ ;) could be defined as follow:

L8f.
a _ _mvg _ Gp)

g0 —gquantum

From combination of (B1.4) and (B1.5) we obtain the following:

Yeo = 1 (B1.6)

il | (BL7)

Although both Cobb-Douglas and CES functions are based on neo-classic
theory they are significant differences between them. Thus as we know the
substitution elasticity is a possibility of one factor to be replaced by other one. For
example, capital and labour force, in Cobb-Douglas function this substitution
elasticity is equal to one. In CES function this ratio can take any value. It is clear
that during the evaluation of parameters for Cobb-Douglas function it is
determined in advance that capital and labour has unit elasticity. If it is true than
the parameters identified for Cobb-Douglas function can be misleading. In order

to eliminate this shortage we should first of all evaluate the parameters of CES
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function and calculate the substitution elasticity of the factors. If it is equal to one
than the function is equal to the Cobb-Douglas production function.

We would like to note that g-substitution elasticity in function ¥ = F(K, L)

Is identified as shown in box 2.

Box 2: Substitution elasticity

The possibility for substitution of the factors with each other shows various
combination of production factors in case when the production function is able to
maintain the constant production level. For example, substitution of local change
between capital and labour factors in cases when all other conditions are equal,
several points in special area could be the elasticity factor between capital and
labour. The substitution elasticity between capital and labour could be defined as
follow:

. din()
7T T M Y, YMY, ) (B2.1)

é’—FdK+é’—FdL=O
oK oL

If we write it in more extend form, it looks like

MY,dK + MY,dL = 0
Here, MY, and MY, show the limit of substitution of the production (GDP) for

capital and labour respectively.
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w—aF
TR T K
w—aF
LT 5L

We can see from (B2.1), the ratio of substitution between capital and
labour is equal to correlation between their changes in percentage and percentage
change of their limit products.

In other words, the ratio of substitution between capital and labour is equal
to correlation between their changes in percentage and percentage change of their
limit products.

The substitution elasticity shows the expanses (capital and labour) for
maintenance of the same level of output and called iso-quantum curve.

Now let show the vice-versa elasticity of the substitution:

i MYES g i
i L I‘ILJ"J'L"' o dE ligp—guantum”
=% = — K. (B2.2)
KL diin (+) diln (7]

In general the differences between CES function and other production functions is
shown in the Table 1 below.

Table 1. Production functions and their parameters

Types of Production functions Y=F(K,L) | & —substitution | e-production | Parameters
production elasticity elasticity
functions
1 2 3 4 5
Linear V=g, -K+o,-L o 1 ey and a; are limit products

for capital (K) and labour (L)
respectively .

Cobb- V=A-F&.LbE 1 by + b, A-scale factor, A>0, b, and
Douglas b, are elasticity factors for
capital (K) and labour (L)
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respectively. by = 0, by = 0.
“Expenses- |, _ . {i L ) 1 ¢, and ¢; are the quantities of
Output* €, €3 :— capital (K) and labour (L) for
(Leontyev) or z production of one unit of the
=¥ production.
Lzeg -V g, =0c,= 0.
The analysis n- quantity of production
tools for z tools, .- the intensity level
pro_dt_lction V= Z dy - Vr of the tool, r=1,2,...,n.
activity S d.- the production level
' when intensity is equal to 1.,
Zl dur~¥r =K r=1,2,...N. dg,» and d.-r-the
= quantity of capital (K) and
1 labour (L) expenses for unit
Z oy =L intensity of the tool.
r=1
Constant - Ap—scale ratio (4 = 0), &-
i ¥V =A,(6KF 1—&IF . .
elasticity of ol +(1-8)L7) allocation ratio, &- the decree
?ngsél)tutlon of homogeneity (8 = 0), p —
substitution elasticity (o)
characteristic ratio (o = —1).

The constant elasticity of substitution (CES) function (g = i), combines
the first tree functions:

1) if p — -1, the CES functions turns into the linear function (c =x);

2) if p =0, the CES functions turns into the Cobb-Douglas function (c=1);

3) if —>o, the CES functions turns into the “expense-output” production

function (c=0).
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The theoretical aspects of evaluation of parameters of CES function.

Markward method.

The CES function even after logarithmation remains not-linear. Therefore in
order to evaluate the parameters of CES function, we should apply the least square
method.

In general non-linear the least square method is presented in following way:

Let’s guess that the variable Y is non-linear function showing the

dependence of the last on on variables X; X;,...., Xp.
Y=F Xy X2,y Xn )

However the parameters a; a;,...., a, of variable X; X, ,...., X, respectively
are unknown. Here, a; — is parameter showing how variable X; can affect the
variable Y. The valuation of this parameter is required. For this purpose we have
performed m times observation. As a result of observations we have identified
respective variable (Xiy, Xiz,...., Xin ) (i=1,2,...,m) for each variable ;.

In other words,
Yi= Fi(@y a2,y @ Xit, Xiz ooy Xin )+ Ui, i=1m, (3)
Here, U; —is deviation. In (3) a;, az,...., &, we should find such parameters, that the

values obtained during the observation were maximum close to these obtain in the

theory. In other words, deviation U; should be at lowest point. The parameters a;,

84



THE JOURNAL OF ECONOMIC SCIENCES: THEORY AND PRACTICE, V.70, #1, 2013, pp. 77-96

az ,...., a, which meet this requirement are found by the least square method. In
other words, the function below is being minimized:

.

S+ 4+ U; =2",U? - min (4)

S(ay,a,,...,a,) = U + U3
Due to the fact that the goal function S is non-linear in respect of parameters a;, a,
,...., an the identification of its minimum faces certain problems during the
application of Ferma theory. Thus the special derivative of function S in respect of
parameters a; a ,...., a, and by equation of this derivative to zero finding the
solution of quotation system faces number of the problems and even is not
possible. Therefore the minimization method resolves this problem. We can relate
the Newton — Gauss, Markward, Pauelov and Highbred methods to the method for

minimization of S function.

Let’s introduce the following vectors:

¥ Fi) Us 7 (17
Yz FE Uz a,

Y=|"|F=| |U=| |a=|" ()
LV, F U, La,,.

Now we can show the problem in the following way:
We should find such point a*, which satisfy the following condition: if U=Y-

F function S = UTU should take the minimal value.

Here, vector U7 - is a transposed vector U.
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k

The approximate value a™ obtained on k-th step of the iterative process the

next approximate value a*** are linked with each other with correcting vector Aa.
a**l = a* + Aa (6)
The correcting vector Aa could be found in conditions of minimization using

the following formula.
(ATA)Aa = (—ATU) (7)
Here, Aa = —(ATA)"*ATU). The matrix A is the matrix of the first special

derivative of U. In other words it is Yacobi matrix.

- dU, 8U, AU,
da,’ da,’ " da,
au, au, AU,
N TR T
au, U,  aU,
da, da, "~ 'da,

au,, au,  au,
| 9a,’ da, ' da, |

The elements of matrix A are calculated for point a = a¥.

This formula is the basic formula in iteration in respect of Newton-Gauss
formula. When we use the Newton-Gauss method the more non-linear

characteristics of f(x) and deviation between initial value a® and minimum value,

the more is the possibility of failure of iterative process.
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Historically solution for minimization of the function with number of
variables is made based on declining method of gradient. The meaning of this

method is selection of direction of the vector.

d= —Vs

Here,
g5

Vs =—=2ATU
da

However the direction selected under the gradient method could be far from
the optimal level. In these cases Aa frequenty gives bad combinations. It was
suggested to obtain the accurate vector Aa during the Newton-Gauss procedure by
adding non-negative sign to the diagonal matrix of Liebenberg and Marward (7).

(ATA +vaa=-ATU (8)

Here, the parameter I-nxn is single matrix. v- is any quantity (it maybe equal
to zero) and it is called Marward number.

This method eliminates the shortages of declining gradient and Newton-
Gauss methods.

Thus,

Aa = —(ATA +v?1)"t ATU

If v=0 we came to Newton-Gauss method, in cases when v is at higher
value we obtain declining method of gradient:

Aa® —(v¥) "t ATU
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Thus we can say that this method combined the declining gradient and
Newton-Gauss methods. The main idea of this method is that in cases with high
level of non-linearity (till the moment when distribution between iterative and

searched solutions is large enough) we use the large quantities for v (gradient
method), when we approach to seached solution we the value of v is decreasing.

Thus process gives an opportunity to approach to the desired solution at shortest
time.
Described above method is called Marward method. The following

algorithm is proposed for identification of Marward number:

1) Initial value v =+/0,001, (v = 0,001) is accepted:;

2) When S —starts to decrease in one step figure v increases v10 times (v?
increases by 10 times);

3) The value of v is increased by +/0,1 times (v? by 0,1 times), obtained
amount is accepted as new initial value.

1)-3) are the main iterations of this method (increase or decrease of S

depends on level of non-linearity).

In order to reduce the volume of calculations and interpretations we suggest

to use the following formula:
(ATAT +v2)Aa = —ATU 9)

Here,
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Please note that the difference between the system equations bring about two
conditions:

a) Expanded Yacobi A matrix is obtained through addition of vI matrix with
dimensions of nxn to the lowest raw of Yakobi matrix A;

b) U is a vector of expanded reminders, it is obtained through the addition of
zero components with the length of n to U- initial reminders.

3. The practice of evaluation of CES production function

The CES production function evaluated the parameters based on various
methods on examples of various countries. For example, Mishra, SK (2006)
valuated the CES production function based on non-linear regression using five
optimization methods: Hooke-Jeeves Pattern Moves (HJPM), the Hooke-Jeeves-
Quasi-Newton (HIJQN), the Rosenbrock-Quasi-Newton (RQN), the Differential
Evolution (DE) and the Repulsive Particle Swarm methods (RPS)). For the
Eurozone Matthieu Lemoine, Gian Luigi Mazzi, Paola Monperrus-Veroni, Frédéric
Reynes (2009) estimated the CES SEC function.

Indicated model for valuation of SEC production function was used in the

economic models applied in former USSR. Such valuations were made by
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M.Weitzman, N.Barkalov, A.Granberg, U.Isterli, S.Fisher and others for the period
1950-1987.
For example, M.Witzman took as initial data the indexes for production and

capital for the perio 1950-1969 (i =1,2,...,20,m = 20) and evaluated the

parameters of the CES function:

Y =0,8044156%92046463t (9 6397585 K ~1° +0,3602415 L 1°)06¢

R2 =0,9994216; DW =0,8125811

The substitution index is o= =0,4031043.

1+ p

Based on results obtained M.Weitzman came to conclusion that the
development of USSR’s economy during the post-war period was due to the fact
that the substitution elasticity was far above one. It is explained by the shortage of
labour force during this period. At the same time M.Weitzman criticized Bogson
and other for application of Cobb-Douglass function with substitution elasticity
equal to one.

The other contribution of M.Weitzman was that unlike R.Solow and others,
during alternative valuation of CES he was the first who applied the non-linear
version of least square method. On other hand R.Solow tried to use the identity of
theoretical determinants and observation results in evaluation of CES production

function.
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A.Granberg performed the following valuation of CES function for the period

1960-1985.

1

Y =0,966(0,4074K 3% 10,5926 3093) 303 g0.0252t

R2 =0,9982; DW =1,76

R2 — is determination ratio and DW is dependent identified by the statistical

method.

The substitution elasticity is equal to o =1L=0,25. The value to the
+p

substitution elasticity obtained by the other scientists during the various periods
were below one: 0,4 (M.Weitzman), 0,37-0,43 for various data row (U.Easterly vo
S.Fisher). In general, for USSR economy the substitution elasticity is equal to 0,4.
This means that the substitution level between the factors is lower than that
obtained under the Cobb-Douglass method (in Cobb-Douglass function the
substitution elasticity in the production function is equal to one). Thus application
of Cobb-Douglass production function for this function is not able to reflect the
true picture.

4. Realization of the model and analysis of results

In order to evaluate the parameter of CES function following

program was prepared:.
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1) In order to evaluate the CES function based on Marward method it was
represented in following way after logariphmation:
F, =InY; =Indg+ Ai — 1) +i]n{é‘f{i_'ﬂ +(1-8)L7)+U, i=Llmp= 1"7"’ (10)

2) After this the approximated equations of CES function are evaluated based

on Kmeta method:

¢ (11)
During the independence period of Azerbaijan Republic the impact of capital
and human resources on whole economy and particularly to the oil and gas sector
should be evaluated. After this the valuation and comparative analysis of the CES
function in Republic of Kazakhstan were implemented.
Initially the function (10) is evaluated based on Marward method. In this case

the following figures are taken as initial approximation:

A=0,05;
6=0,5;
p=0,5.

Nate that & =.
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Based in data for the period 1990-1996 the CES function for Azerbaijan
economy was evaluated based on Marward method and Kmeta approximation (11).

Obtained results were approximately the same:

Y =1,05733e **%%(0,3217946 K **® +0,6782054 L7 ) 149

R2 =0,87346; DW =2,394745

Substitution elasticity o= 3.

Statistical characteristics show that model is adequate.

We also obtained the substitution elasticity for Azerbaijan much higher than
one. As a result evaluation of economy of Azerbaijan is not complete if the Cobb-
Douglass function is applied. In reality, during the evaluation Azerbaijani economy
using the Cobb-Douglas production models the obtained results do not provide
adequate results as in CES function. In other words, making in advance the
substitution elasticity equal to one and implementation of valuation of the
parameters will not provide the correct results. However obtained a- constant A -
the growth rate of technical progress in CES function were approximately the same
as in Cobb-Douglass function. It indicates that the efficiency of the economy and
effect of technical progress in the country estimated in Cobb-Douglass were once
more verified in CES production function.

The value of allocation parameters of capital and labour force obtained in

M.Weitzman model were contradicting. Under the Weitzman approach the K and
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L parameters were equal to 0,6397585 and 0,3602415 respectively. However our
results were 0,3217946 and 0,6782054 respectively.

Thus, based on results under the Weitzman model we can conclude that
during the period of 1990-2006 Azerbaijani economy experienced the excess of
labour force.

Considering that substitution elasticity for Azerbaijani economy under the
evaluation of CES production function is higher than 1 (0=3), we can agree with
such conclusion. U.Isterli and S.Fisher came to conclusion that the low level of
substitution elasticity between labour and capital in USSR economy was the main
reason for stagnation. Thus in cases of low elasticity the excess of the capital is not
provide the same growth in production of goods. We also came to conclusion that
lack of capital provision for the existing labour force in 1990-1996 brought about
decrease in the production.

For the period of 1994-2000 the valuation of parameters of CES function for
Azerbaijan in Mathcard Application Package shown that the substitution elasticity
between labour and capital is close to one (0=1,0003). Thus during this period the
balance between the labour force and provided capital was re-established. In other
words, during this period the qualification and education of the labour force was in

accordance with provided capital.
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Note that the evaluated results of the CES function for economies of
Azerbaijan shows that that substitution elasticity between the factors (capital and
labour) is less than one. This means that there is lack of experienced and qualified

labour force for utilization production facilities.
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